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Abstract. We study the Dirichlet problem for the Monge- Ampere 
equation on almost complex manifolds. We obtain the existence of 
the unique smooth solution of this problem in strictly pseudocon- 
vex domains. 

Let (M, J) be an almost complex manifold of real dimension 2n 
(every definition will be given in section [1]). N. Pali proved (in [P]) that, 
as it is in the case of complex geometry, for plurisubharmonic functions 
the (1,1) current iddu is nonnegative. So for smooth plurisubharmonic 
functions u we have well defined Monge-Ampere operator (iddu) n > 
and we can study the complex Monge-Ampere equation (iddu) n = fdV 
where / > and dV is a volume form (see ( 11.11) for this in local 
coordinates). 

Let Q d M be a domain, p is a strictly plurisubharmonic function of 
class C 2 in a neighborhood of Q (strictly plurisubharmonic means hear 
that (iddp) n > 0), such that Cl = {p < 0} and Vp ^ on dCl, so we 
have a metric u = iddp on Q. In this article we study the following 
Dirichlet problem for the Monge-Ampere equation: 



where / > 0, f,f& C°°(fl). The main theorem is the following: 

Theorem 1. There is a unique smooth plurisubharmonic solution u of 
the problem (QJ). 

In |C-K-N-S] the above theorem was proved for J integrable. 
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1. NOTION 

We say that (M, J) is an almost complex manifold if M is a manifold 
and J is an smooth) endomorphism of the tangent bundle TM, 
such that J 2 = —id. The real dimension of M is even in that case. 

We have then a direct sum decomposition T&M = T 1,0 M (B(c) T 0,1 M 
where T C M is a complexification of TM, T lfi M = {X - iJX : X G 
TM} and T 0,1 M = {X + iJX : X G TM}(= {C G T C M : C G T 0,1 M}). 

Let ^4. fc be the set of A:-forms i.e. the set of sections of f\ k (TcM)* 
and A p,q be the set of (p, g)-forms i.e. the set of sections of 
f\ p (T 1,0 M)* <8>(C) f\ q {T 0,1 M)* . Then we have a direct sum decompo- 
sition A k = (& p+q=k A p ' q . We denote the projections A k — > A p,q by 
IP' 9 . 

If d : A k — > A k+1 is (the C-linear extension of) the exterior differen- 
tial, then we define d : A p ' q A p+1 > q as W +1 < q od and 8 : A M -»■ 
as n p ' 9+1 o d. 

We say that an almost complex structure J is integrable if satisfy 
any of following (equivalent) conditions: 

i) d_= d + d. 

ii) d 2 = 0. 

iii) [C,£] G T 0,1 for vector fields C,^ G T ' 1 . 

By the Newlander-Nirenberg Theorem J is integrable if and only if it 
is induced by a complex structure. 

In the paper is always a (local) frame of T 1 ' . Let us put 

for a smooth function k 

Upq = (p( q U = Ug p + [Cp, QU 

and 

^4pg Apq(ll) Upq [^p, (^g\ U 

where X ' 1 G T ' 1 is such that X - X ' 1 G T 1 - for any X G T C M . 
Then for a smooth function u we have (see [P]): 

= z ApqdC,p A 

So locally we can write: 

(1.1) MAm = det(Apq) = f 

where / = / if (j, . . . , C„ are orthonormal. 

Let ©={2;GC: \z\ < 1}. We say that a (smooth) function 
A : D — )■ M is J-holomorphic or simpler holomorphic if A'(<iz) G T 0,1 T. 
The plenty of such disks show the following proposition from [I-RJ, 
where is stated for C k,a class of J: 
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Proposition 1.1. Let OeMc R 2n , k,k' > 1. Foru ,ui, ...,u t eR 2 " 
c/ose enough to there is holomorphic function A : D — > M such that 
A(0) = i>o and |^ = v\, for I = 1, . . . , k. Moreover we can choose 
A with C 1 depence on parameters (vq, . . . ,Vk) € (M? n ) k+1 , where for 
holomorphic functions we consider C k norm. 

An upper semi-continuous function u on an open subset of M is 
said to be plurisubharmonic if a fuction u o A is subharmonic for every 
holomorphic function A. We denote set of plurisubharmonic functions 
on Q C M by VSH(Q). For smooth functios u it means that matrix 
(Apg) is nonnegative. 

2. COMPARISON PRINCIPLE 

In this section Q d M is a domain not necessary strictly pseudocon- 
vex. 

Proposition 2.1. //n, v, p E C 2 (Cl) are plurisubharmonic functions, 
with iddp > in Q and such that MAu > MAv and u < v on dQ, then 
u < v inVt. 

Proof: First, let us assume that MAu > MAv. As in [C-K-N-S] . in 
a point where V(m — v) = , we have 

< MAw-MAt; = I ^-MA(tu- (1 -t)v)dt = ( f B p %t)dt)(u-v) P q, 
Jo dt J 

where (B p ^(t)) is the transpose of the inverse of the matrix ((tu — (1 — 
t) v )pq ~ [Cpj Cg] 0,1 (^ M — (1 — t) v ))- Thus the function u — v attains his 
maximum on the boundary of Q. 

In the general case we put u' = u + e(p — sup^ p) and the lemma 
follows from the above case (with u' instead of u) . □ 

3. A PRIORI ESTIMATE 

In this section we will proof a C 1,1 estimate for the smooth solution 
u of problem ([[]). By the general theory of elliptic equations (see for 
example [C-K-N-S] ) we obtain from this the C k,a estimate and then the 
existence of smooth solution. The uniqness follows from comparison 
principle. 

Our proofs are close to |C-K-N-S] but more complicated because of 
noncommutativity of some vector fields. 
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3.1. some technical preparation. In this section we assume that 
il <e M is strictly pseudoconvex i.e. on the neighborhood of there is 
a plurisubharmonic function p such that Q = {p < 0} and Vp ^ on 

We have for X, Y vektor fields 

(3.1) X(logf) = A^XA pq , 

(3.2) XYQogf) = A M XYA P q - A™ A l %Y A i3 )(X A m ) . 

were (A p ^) is the inverse of the matrix {A pq ). 

Let us define elliptic operator L = = A p ^(( p ( q — ( q ]). 
We will often use the following fact: 

\Xu k \ 2 , \Xu- k \ 2 < C(\Vu\ 2 + Kkl 2 + \u P k\ 2 ) 

V 

for the smooth vector fields X where C = C(\\X\\, ||[X,Cfc]||, ||[^,C*]||)- 
We will change coordinates a lot but we will always have this under 
control. 

We will use the fact that for every A > we can choose > such 
that i) pp - [C P , CJ ' 1 > A(\ij p \ 2 + ij). 

In the proofs below C is a constant under control, but it can change 
from a line to a next line. 

3.2. uniform estimate. 

Lemma 3.1. We have \\u\\ L °°(n) < C, where C = C(\\p\\ L °°(n), \\f\\L°°(n), \\v\\l°°(si))- 

Proof: From the comparison principle and the maximum principle 
we have 

ll/IU«»(n)P + mf <P < u < supp. □ 
dn an 

3.3. gradient estimate. In two next lemmas we shall prove a prori 
estimate for first derivate. 

Lemma 3.2. We have 

1 1 u He - 1 (an) < C, 

where C = C(u, ||/||L-(n), ||y||cM(n))- 

Proof: We can choose A > such that Au + iddtp > fu and Au > 
iddip. Thus by the comparison principle and the maximum principle 
we have 

(p + Ap < u < <f — Ap 
for A large enough. So on the boundary we have 

|Vu| < \VAp\ + |Vy?|. □ 



THE MONGE-AMPERE EQUATION 



5 



Lemma 3.3. We have 

(3.3) |M| c o,i ( Q) < C, 

where C = C(Sl, H/^Hc-u, ||/|| L co (n) ). 

Proof: Consider the function v = ip\Vu\ 2 . We assume that v takes 
its maximum in z G f2. We can choose d, . . . , £ n , such that they are 
orthonormal in a neighbourhood of zq, and the matrix A P q is diagonal 
at zq. From now on all formulas are assumed to hold at zq- 

We have = so that X(| V| 2 ) = -X log ip\Vu\ 2 . We can calculate 

L(v) = L(i;)\V\ 2 + mM 2 ) + A^ P (\V\% + ^-(|V| 2 ) P ) 
L(|V| 2 ) = ^((|V| 2 ) p ,-K P ,C P r|V| 2 ) 



{ ^ fl pjr + app (dm + i^-D + i vm 



= A pp ^(u ppk u k +u k u ppk +\u pk \ 2 +\u pk \ 2 -[^^ 

k 

A pp (u ppk — [£ p , Cj)] ' 1 ^^) 

= A pp (« fcpp - Cfe[Cp, Cp] 0,1 ^ + C P [Cp, Cfe]^ + [Cpj Ck]C P u) 

= (log f) k + A p p(c P [c P , c k ]u + c p Kp, Ck]u + [[Cp, a], sj« - [[Cp, c*]«) 

then we have 

|A p > ppfc -[c P ,C P ]°'V.)| <C 

and similarly 

I^~Kp-*-[Cp, g ' 1 ^)! < c ^pi" 0,1 + a* ^(|tv.| + M) + |V', 

so for the proper choice of ip we have L(v)(0) > and this is a contra- 
diction with the maximality of v. □ 

3.4. C 1 ' 1 estimate. Let P e da Estimate of XYu(P) where X, Y 
are tangent to <9fi follows from the gradient estimate. 

Lemma 3.4. We have 

(3.4) \\NTu(P)\\<C, 

where a vector field T is tangent to dQ and N is a vector normal to 
dQ C = C(n, Hf/lcci, ||/||L- ( n)), ll^ll, ||T||co.i. 
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Proof: Xi, X 2 , . . . , X 2n be orthonormal vector fields near P such 
that X 2k = JX 2 k-i and X 2n is normal to the boundary near P. Let 
X be a vector field tangent to the boundary. Consider the function 
v = X(u - <p) + Bp + Y?uJi \X h {u -tp)\ 2 - A(d{, -)) 2 . For A large 
enough v < on the boundary of Q. 

Our goal is to show that for B large enough we have L(Xu) > 0. 
Let us calculate: 

* L(X(u - cp)) > L{Xu) APP , 

L(Xu) = A^(C P C q Xu - [C P , Q^Xu) 
= X log / + A^(C P [( q , X\u + [C P , X}( q u - [[C P , Q°^,X]u) 

2n-l 

[Cq, X] = a q Cn + ^ a i^Xs 

8 = 1 

and so 

2n-l 

A p %C P [( q , X]u = <* g V + ^ « g , s A%X sM + F M 

<jr s=l 

where Y is a vector field which gives 

2n-l 
s=l 

In a similar way we can calculate 
and we obtain 

L(X(u - ip)) > -CJ2 APP ( 1 + \C P X s u\). 

2n-l 

L(J2 \Xk(u - ^)| 2 ) 
k=i 

2n-l 

= A™ {(CpXk(u - <p))(( q X k (u - ip)) + (( p ( q X k (u - V ))X k (u - <pj) 
k=i 

Similarly as in £ we have 

AP%( q X k u = X k \ogf + Av%( P i( q ,X k ]u+l( p ,X k ]( q u-ii( p ,Q°>\X k ]^ 
and 

2n-l 

L(J2 \X k (u - 
k=i 
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2n-l 2n-l 



fe=l fe=l 



9? L{p) > C- 1 A?P - 



* L((d(,.)f)>-^A^. 

Now we can conclude that for B large enough, since L(X\u) > 0, we 
have v < on Q and so X 2n Xu(P) < C □. 

Lemma 3.5. We have 

(3.5) ||MV«(P)|| < C, 

where N is a vector field normal to dQ C = C(fl, ||/ 1 ^ n ||c 1 - 1 i ll^llc * 1 )- 

Proof: By the previous Lemma it is enough to prove that |C| 2 < 
C((u(P) — [£, C] 0,1 (-P) for every vector field ( orthogonal (at P) to N. 
We can assume Pn{P) = 1 and because our argue will be local we can 
assume also that P = G C n . Let (i, (2, ■ ■ ■ (n £ P 1,0 be a orthonormal 
frame in a neigberhood of such that Q n p = — 1. We can assume that 
£1 = From the strictly pseudoconvexity and using the proposition 
11.11 (for k = 2) we can choose J-holomorphic disk A such that A(0) = 0, 
|j(0) = a(i for some a > and 

(3.6) dist(A(», n) = b\z\ 2 + 0(\z\ 3 ) for some b > 0. 

Now changing coordinates we may assume A(zi) = (2z±, 0), Cfc(0) = gf- 
for A; = 1, . . . , n. 

We can find a holomorphic cubic polynomial p such that 

^) = ¥3 (0)+y/(0)(«) 



2\ 



+Re V] - — — zi^p + Rep(z) + az x \zi\ 2 + 0(|^i| 4 + |^ 2 | 2 + . . . + \z„ 

' OZiOZp 

p=l r 

By (I3.6P we have Rez n = /3|zi| 2 + /?'Rez 2 + 0(|2i| 3 ) on <9f2 for some 
(3, j3' > and we obtain 

u — u(0) = f — ip(0) 

n 

< (f'(0)(z) - ^Rez n + Re^a^Zp + Rep(z) + 0{\z 2 \ 2 + ... + \z n \ 2 ) 

p=2 
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n 

= Re'^cipZiZp + Rep(z) + 0(\z 2 \ 2 + . . . + \z n \ 2 ) 

p=2 

on dQ for some 7 G M, a^, ■ ■ ■ , a n G C and new cubic polynomials p, p. 

Let B > 0. By the proposision 11.11 there is a family of disks <7 W : 
D -> C n , to G C™- 1 such that ^(0) = (0, to), (0) = (1, f , . . . , f ), 
^r(O) = and a function G : C n_1 xB -> C n given by G(iw, 2) = c^(z) 
is of class C 2 . 

Let h(g w (z)) = p w (z) + AB\w\ 2 + ep where p w is a holomorphic 
cubic polynomial in one variable such that Kep(h w (z)) = ~Rep w (z) + 
Rea^l^l 2 + 0(|z| 4 ), a w G C, A, e > 0. If A is enough large then 
h > u — u(0) on dQOU where U is a small neigberhood of 0. Enlarging 
A again we can assume h > u — u(0) on OS where S = Q C\ U. Let 
M > \\h\\c2(s) f° r every < e < 1. We can put £ = inf^ fM~ n and we 
get an inequality (iddh) n < [iddu) n on set 5 fl {iddh > 0}. This by 
the Comparison Principle (Propositio n^!. ip gives us h > u — u(0) on S. 
Now by fix > un, 7Pii = —<fii and -Un — </?u = (<£n — Wjv)pii we can 
conclude that un > sp\\ □ 

Lemma 3.6. We have 

(3.7) \\Hu\\ < C, 

where Hu is a Hessian of u, C — C(fl, ||/ 1//n || c i,i). 

Proof: 

Let us define M as the biggest eigenvalue of the Hessian Hu. We 
will show that the function 

A = ^ |W|2 M, 

where K~ x is large enough, doesn't attain maximum in Q. 

Assume that a maximum of the function A is attained at zq G Q 
(otherwise we are done). There are (1, . . . ,(n G ortho normal zq 
such that the matrix (A p g) is diagonal at z . Let X G TM ZQ be such 
that ||X|| = 1 and M = H(X,X). We can normalize coordinates near 
z such that z = G C n , X = ^(0) and J(z, 0) = J st for small z e C. 
Then we can in a natural way extend £1, . . . , ( n to some neigberhood 
U of such that , X] = and , = for A; = 1 , . . . , n (first on 
f/nCx {0} as the same linear combination of vectors . . . , J?- as in 
0, then we can take (pseudo) holomorphic disks dk : C D A — > U (for 
not tangent £/nCx {0}) such that 4(0) = and ^jfc(O) = Cfc(0), and on 
image of dj, we can put Ck(uj) — ^(d^iw)), on the end we extend the 
vector fields on whole U). Then the function v = ipe K ^ u \ 2 Hu ^ 1 '<2 X1 ^ = 
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qf e K\Vu\ ( Uxixi + Tu), where ^ = jg^p- and T is a vector field, also have 
maximum at 0. Near put /i = u xixi + Tu (then yu(0) = M(0)) and 
extend I as I = 



We will estimate L(v): 



-,K\\7u\ 2 \ fiTr„K\Vu\ 



< L(v) = L^e K ^ 2 )^e K ^ 2 m-2A ^ e ;g 

^(|Vn| 2 ) pp 

= A pp ^2(((pC P Vku)u- k + u k (CpC P Vku) + (( P Vku)((pVku) + ((pVku)(( p rj k u)) 
k 

+A PP 5^((C p [Cp> [Cp> ^]%)«fc+(Cp[Cp, Vk]u)u k +([( p , V k }up)u k +(r] k +f] k )[Cp, C P ] 0,1 w) 

fc 

+A pp ^((<p?7fcw)(Cp?7fcM) + (( P Vku)(Cpfj k u)) 
k 

so we have 

L(Ve K ^\ 2 ) > A pp (c + Kj2(((p(ku)((p(ku) + (C P Cfc«)(C P Cfc«)) j 

* L(,u) = LK i:ci ) + L(7V) 
L(T M )<T(log/)-C(/i+l)^^ 

LK 1X1 ) = (log/) XlXl +A^"|x(c P C ? - [Cp^FM 2 
+a pp "(c p [C p , x]*u+[c P , x]c p x m +xc p [C p , x]u+x[c p , x]( p u+xx[Cp, C P ]°'M 

= (io g /) xlxl + A^|X(C P G, - Kp, G,FH 2 
+^"([c P , [Cp, + x[c P , [C P , x]]u + [x, [c P , x]]c P « + [x, [c P , x]]<» 
+^(x[x, [C P , g 0ll ]« + [x, [Cp, CJ ' 1 ]^) 

>-CV + l) 

and 

£M > -C(n + l) ^^((c P a M )(CpCfc«) + (CpCfc«)(CpCfc«)) 

. _ 2 ,pp-(^1M^!^ 

S ^jTI ,,1, , in 

•q, e K\\7u\ 2 
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= -2^e^l v "l 2 (^^+ir^(|V^| 2 )p+ir^(|Vn| 2 ) p +^ 2 xI/(|Vn| 2 )^(|Vn| 2 ) p ) 
> -CA» (c + X)(I(CC*«)I + l(&Ck«)l + K 2 ((( p ( k u)(( p ( k u) + (( P ( k u)(( p ( k u))) 

V k 

We can conclude L(v)(0) > and it is a contradiction with the 
maximality of v. □ 
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